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Abstract
Following Pe´pin, we call a family of curves over a discrete valuation
ring semi-factorial if every line bundle on the generic fibre extends to a line
bundle on the total space. In the case of nodal curves with split singularities,
we give a sufficient and necessary condition for semi-factoriality, in terms
of combinatorics of the dual graph of the special fibre. In particular, we
show that performing one blow-up with center the non-regular closed points
yields a semi-factorial model of the generic fibre.
As an application, we extend the result of Raynaud relating Ne´ron mod-
els of smooth curves and Picard functors of their regular models to the case
of (possibly singular) curves having a semi-factorial model.
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Introduction
Let S be the spectrum of a discrete valuation ring with fraction field K, and let
X → S be a scheme over S. Following [Pe´p13], we say that X → S is semi-factorial
if the restriction map
Pic(X )→ Pic(XK)
is surjective; namely, if every line bundle on the generic fibre XK can be extended
to a line bundle on X .
We consider the case of a relative curve X → S. In [Pe´p13], Theorem 8.1, Pe´pin
proved that given a geometrically reduced curve XK/K with ordinary singularities
and a proper flat model X → S, a semi-factorial flat model X ′ → S can be
obtained after a blowing-up X ′ → X with center in the special fibre.
The main result of this article is a necessary and sufficient condition for semi-
factoriality in the case where X → S is a proper, flat family of nodal curves,
whose special fibre has split nodes. It turns out that in this case semi-factoriality
is equivalent to a certain combinatorial condition involving the dual graph of the
special fibre of X/S and a labelling of its edges, which we describe now. Let
t ∈ Γ(S,OS) be a uniformizer; every node of the special fibre is e´tale locally
described by an equation of the form
a) xy − tn = 0 for some n ≥ 1, or
b) xy = 0 (if the node persists in the generic fibre).
Consider the dual graph Γ = (V,E) associated to the special fibre of X/S. We
label its edges by the function l : E → Z≥1 ∪ {∞}
l(e) =
{
n if the node corresponding to e is as in case a);
∞ if the node corresponding to e is as in case b).
We say that the labelled graph (Γ, l) is circuit-coprime if, after contracting all edges
with label ∞, every circuit of the graph has labels with greatest common divisor
equal to 1. In particular, if Γ is a tree, (Γ, l) is automatically circuit-coprime.
The following theorem is our main result:
Theorem 0.1 (Theorem 6.3). If the labelled graph (Γ, l) is circuit-coprime, the
curve X → S is semi-factorial. If moreover Γ(S,OS) is strictly henselian, the
converse holds as well.
The proof (of the first statement) can be subdivided in three parts:
• we start by constructing a chain of proper birational morphisms of nodal
curves over S
. . .→ Xn → Xn−1 → . . .→ X1 → X0 := X
where every arrow is the blowing-up at the reduced closed subscheme of
non-regular closed points. A generalization (Prop. 3.4) of the smoothening
techniques developed in [BLR90], Chapter 3, allows us to show that given a
line bundle L on XK there exists a positive integer n such that L extends to
a line bundle L on Xn (Theorem 3.5).
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• in the combinatorial heart of the proof, we provide a dictionary between
geometry and graph theory to reduce the study of the blowing-ups Xn and
line bundles on them to the study of their dual labelled graphs and integer
labellings of their edges. We show that if the labelled graph (Γ, l) of X/S
is circuit-coprime, there exists a generically trivial line bundle E on Xn such
that L ⊗ E has degree 0 on each irreducible component of the exceptional
fibre of pin : Xn → X .
• Finally, we show (Proposition 4.2) that the direct image pin∗(L⊗E) is a line
bundle on X (which in particular extends L). This relies essentially on the
fact that the exceptional fibre of pin is a curve of genus zero.
As a corollary to the theorem, we refine Theorem 8.1 of [Pe´p13] in the case of
nodal curves X/S with special fibre having split nodes, by explicitly describing a
blowing-up with center in the special fibre that yields a semi-factorial model:
Corollary 0.2 (Corollary 6.5). Let X1 → X be the blowing-up centered at the
reduced closed subscheme consisting of non-regular closed points of X . Then the
curve X1 → S is semi-factorial.
This follows immediately, observing that X1 has circuit-coprime labelled graph.
Semi-factoriality is closely connected to Ne´ron models of jacobians of curves. A
famous construction of Raynaud ([Ray70]) shows that if X → S has regular total
space, a Ne´ron model over S for the jacobian Pic0XK/K is given by the S-group
scheme Pic
[0]
X/S / cl(e), where Pic
[0]
X/S represents line bundles of total degree zero
on X , and cl(e) is the schematic closure of the unit section e : K → Pic0XK/K . In
[Pe´p13], Theorem 9.3., it is shown that the same construction works in the case of
semi-factorial curves X → S with smooth generic fibre. Our second main theorem
is a corollary of Theorem 0.1:
Theorem 0.3 (Theorem 7.6). Let X → S be a nodal curve over the spectrum
of a discrete valuation ring. Then PicX/S / cl(e) is a Ne´ron lft-model over S for
PicXK/K if and only if the labelled graph (Γ, l) is circuit-coprime.
Note that there are no smoothness assumptions on the generic fibre. The
abbreviation “lft” stands for “locally of finite type”, meaning that we do not require
the model to be quasi-compact (even if we chose to impose degree restrictions on
PicXK/K , the resulting Ne´ron lft-model may not be quasi-compact in general, as
XK/K may not be smooth).
Outline
In section 1 we introduce the basic definitions, including that of nodal curve with
split singularities. In section 2 we define an infinite chain of blow-ups of a given
nodal curve X/S and then show that every line bundle on the generic fibre XK/K
extends to a line bundle on one of these blow-ups (section 3). Section 4 contains an
important technical lemma on descent of line bundles along blowing-ups. Section
5 is entirely graph-theoretic and contains the definition of circuit-coprime labelled
graphs. The combinatorial results established in this section are then reinterpreted
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in section 6 in geometric terms in order to give a necessary and sufficient condition
for semi-factoriality of nodal curves. In section 7, starting from a nodal curve
X/S, we construct a Ne´ron model of the Picard scheme of its generic fibre.
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1 Preliminaries
1.1 Nodal curves
Definition 1.1. A curve X over an algebraically closed field k is a proper mor-
phism of schemes X → Spec k, such that X is connected and whose irreducible
components have dimension 1. A curve X/k is called nodal if for every non-smooth
point x ∈ X there is an isomorphism of k-algebras ÔX ,x → k[[x, y]]/xy.
For a general base scheme S, a nodal curve f : X → S is a proper, flat morphism
of finite presentation, such that for each geometric point s of S the fibre Xs is a
nodal curve.
We are interested in the case where the base scheme S is a trait, that is, the
spectrum of a discrete valuation ring. In what follows, whenever we have a trait
S, unless otherwise specified we will denote by K the fraction field of Γ(S,OS)
and by k its residue field.
Definition 1.2. Let X → Spec k be a nodal curve over a field and n : X ′ → X be
the normalization morphism. A non-regular point x ∈ X is a split ordinary double
point if the points of n−1(x) are k-rational (in particular, x is k-rational). We say
that X → Spec k has split singularities if all non-regular points x ∈ X are split
ordinary double points.
It is clear that the base change of a curve with split singularities still has split
singularities. Also, it follows from [Liu02], Corollary 10.3.22 that for any nodal
curve X → S over a trait there exists an e´tale base change of traits S ′ → S such
that X ×S S ′ → S ′ has split singularities.
The following two lemmas are Corollary 10.3.22 b) and Lemma 10.3.11 of
[Liu02]:
Lemma 1.3. Let f : X → S be a nodal curve over a trait and let x ∈ X be a split
ordinary double point lying over the closed point s ∈ S. Write R for Γ(S,OS) and
m for its maximal ideal. Then
ÔX ,x ∼= R̂[[x, y]]
xy − c
for some c ∈ mR. The ideal generated by c does not depend on the choice of c.
We define an integer τx ∈ Z≥1 ∪ {∞}, given by the valuation of c if c 6= 0 and
by ∞ if c = 0. We call τx the thickness of x. The point x is non-regular if and
only if τx ∈ Z≥2 ∪ {∞}; moreover, τx =∞ if and only if x is the specialization of
a node of the generic fibre XK .
Remark 1.4. If the hypothesis that the special fibre has split singularities is
dropped, the same result holds after replacing R and OX ,x by their strict henseliza-
tions.
Lemma 1.5. Let X be a nodal curve over a field k, x ∈ X a split ordinary double
point such that at least two irreducible components of X pass through x. Then x
belongs to exactly two irreducible components Z1, Z2 which are smooth at x and
meet transversally.
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In view of Lemma 1.5, if X/k is a nodal curve with split singularities, the dual
graph G of X can be defined. The vertices of G correspond to the irreducible
components of X, while every edge e between vertices v, w corresponds to a an
ordinary double point contained in the components corresponding to v and w.
1.2 Semi-factoriality
Definition 1.6 ([Pe´p13] 1.1.). Let X → S be a scheme over a trait. We say that
X is semi-factorial over S if the restriction map
Pic(X )→ Pic(XK)
is surjective.
2 Blowing-up nodal curves
Let f : X → S be a nodal curve over a trait. In this section we study the effects
of blowing-up non-regular points of X lying on the special fibre of X → S.
2.1 Blowing-up a closed non-regular point
Lemma 2.1. Let X → S be a nodal curve over a trait. Let x be a non-regular
point lying on the special fibre of X → S. The blowing-up pi : X˜ → X centered
at (the reduced closed subscheme given by) x gives by composition a nodal curve
X˜ → S.
Proof. The map pi : X˜ → X is proper, hence so is the composition X˜ → S. Let
x be a geometric point of X lying over x. We write A := R̂sh for the completion
at its maximal ideal of the strict henselization of R induced by x. Similarly we
let B := Ôe´tX ,x be the completion of the e´tale local ring of X at x. We have
B ∼= A[[u, v]]/uv − c for some c ∈ A; we will assume that c = 0, as the reader can
refer to [Liu02], Example 8.3.53 for the case c 6= 0.
The blowing-up Z → SpecB at the maximal ideal m = (t, u, v) ⊂ B fits in a
cartesian diagram
Z //

X˜
pi

SpecB // X
with flat horizontal maps and is given by
Z = Proj B[S, U, V ]
I
where I is the homogenous ideal
I = (uS − tU, vS − tV, uV, vU, UV ).
The scheme Z is covered by three affine patches, given respectively by the loci
where S, U, V are invertible. Namely we have:
D+(S) ∼= Spec A[U, V ]
UV
, D+(U) ∼= Spec A[[u]][S]
t− uS , D
+(V ) ∼= Spec A[[v]][S]
t− vS .
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To see that X˜ is S-flat, we check that the image of the uniformizer t ∈ R is
torsion-free in OX˜ , which is immediate upon inspection of the coordinate rings of
D+(S), D+(U), D+(V ). Also, for all field valued points y : SpecL→ SpecA lying
over the closed point of SpecA, the completed local rings at the singular points of
Zy are of the form L[[x, y]]/xy, as desired.
2.2 An infinite chain of blowing-ups
Write now X nreg for the non-regular locus of X . By the very definition of nodal
curve, the locus X nreg is a closed subset of X , and in particular its intersection
with the special fibre Xk ∩X nreg is a finite union of closed points. We inductively
construct a chain of proper birational maps of nodal curves as follows.
Construction 2.2. Let Y0 be the closed subscheme given by Xk ∩ X nreg with its
reduced structure. Blowing-up Y0 in X we obtain a proper birational morphism
pi1 : X1 → X , which restricts to an isomorphism on the dense open X \ Y0 and in
particular over the generic fibre. For i ∈ Z≥1 we let Yi := (Xi)k ∩ (Xi)nreg with its
reduced structure, and define Xi+1 → Xi to be the blowing-up at Yi. We obtain a
(possibly infinite) chain of proper birational S-morphisms between nodal curves,
(pin : Xn → Xn−1)n∈Z≥1 , X0 := X (1)
which eventually stabilizes if and only if the generic fibre XK is regular.
2.3 The case of split singularities
From the calculations of the Lemma 2.1 we deduce how blowing-up alters the
special fibre of a nodal curve whose special fibre has split singularities. Let X →
S be such a curve and let p ∈ X be a non-regular point of the special fibre.
We have k(p) = k. Let pi : X˜ → X be the blow-up at p, Y = Spec Ôp, and
Y˜ = Y ×X X˜ . Then piY : Y˜ → Y is the blowing-up at the closed point q of Y .
Explicit calculations show that the exceptional fibre pi−1Y (q) is a chain of projective
lines meeting transversally at nodes defined over k(q). The equality k(q) = k
induces an isomorphism between the exceptional fibre of piY : Y˜ → Y and the
exceptional fibre pi−1(p) of pi : X˜ → X .
We now distinguish all possible cases:
• If τp =∞, so that p is the specialization of a node ζ of XK , pi−1(p) is given
by two copies of P1k meeting at a k-rational node p′ with τp′ =∞;
• if τp = 2, pi−1(p) consists of one P1k;
• finally, if τp > 2, then pi−1(p) consists again of two copies of P1k, meeting at
a k-rational node p′ with τp′ = τp − 2.
In all cases, the intersection points between pi−1(p) and the closure of its comple-
ment in X˜k are regular in X˜ , that is, they have thickness 1, and are k-rational.
Moreover, X˜ → S has special fibre with split singularities.
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3 Extending line bundles to blowing-ups of a
nodal curve
Our first aim is to prove that for any line bundle L on the generic fibre XK , there
exists an n ≥ 0 such that L extends to a line bundle on the surface Xn of the
chain of nodal curves (1). In order to do this, we recall and slightly generalize the
definition of Ne´ron’s measure for the defect of smoothness presented in [BLR90],
Chapter 3.
Definition 3.1. Let R be a discrete valuation ring and Z an R-scheme of finite
type. Let R → R′ be a local flat morphism of discrete valuation rings. Let
a ∈ Z(R′) and denote by Ω1Z /R the OZ-module of R-differentials. The pullback
a∗Ω1Z /R is a finitely-generated R
′-module, thus a direct sum of a free and a torsion
sub-module. We define Ne´ron’s measure for the defect of smoothness of Z along a
as
δ(a) := length of the torsion part of a∗Ω1Z /R
Remark 3.2. In [BLR90] 3.3, the measure for the defect of smoothness is defined
for points with values in the strict henselization Rsh of R (which amounts to
considering only local e´tale morphisms R → R′). We allow more general maps
because we will need them in the proof of Theorem 3.5.
The following two lemmas generalize two analogous results in [BLR90] 3.3,
concerning Ne´ron’s measure for the defect of smoothness to the case of points
a ∈ Z(R′) with R′ a (possibly ramified) local flat extension of R. In the following
lemma, we denote by Zsm the S-smooth locus of Z.
Lemma 3.3. Let R be a discrete valuation ring and Z an R-scheme of finite
type. Let a ∈ Z(R′) for some local flat extension R → R′ of discrete valuation
rings. Assume that the restriction to the generic fibre aK′ : SpecK
′ → ZK′ factors
through the smooth locus ZsmK′ of ZK′. Then
δ(a) = 0⇔ a ∈ Zsm(R′)
Proof. See [BLR90] 3.3/1, for a proof in the case of smooth generic fibre and
R → R′ a local e´tale map of discrete valuation rings. The same proof works for
non-smooth generic fibre, as long as aK factors through Zsm. Now notice that
a∗ΩZ /R ∼= (a′)∗ΩZR′ /R′ , where a′ : SpecR′ → ZR′ is the section induced by a.
We conclude by the fact that the smooth locus of Z /R is preserved under the
faithfully flat base change SpecR′ → SpecR.
Proposition 3.4. Let R be a discrete valuation ring, Z an R-scheme of finite
type, f : R→ R′ a local flat morphism of discrete valuation rings with ramification
index r ∈ Z≥1. Suppose a ∈ Z(R′) is such that the restriction to the generic fibre
aK′ factors through the smooth locus of ZK. Let pi : Z˜ → Z be the blowing-up at
the closed point p = a∩Zk with its reduced structure and denote by a˜ ∈ Z˜(R′) the
unique lifting of a to Z˜. Then
δ(a˜) ≤ max(δ(a)− r, 0).
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Proof. For R′ = R, Proposition 3.4 is a particular case of [BLR90] 3.6/3. The
strategy of the proof is to reduce to this case.
Denote by t a uniformizer for R, and by u a uniformizer for R′, with ur = t in R′.
Since Z(R′) = ZR′(R′) the section a can be interpreted as a section b ∈ ZR′(R′).
Because Ω1ZR′ /R′
∼= Ω1Z /R ⊗R R′, we have δ(a) = δ(b). The flat map f : R → R′
induces a cartesian diagram
Z˜R′ //
piR′

Z˜
pi

ZR′ g // Z
where piR′ : Z˜R′ → ZR′ is the blowing-up of the preimage g−1(p) of p via g : ZR′ →
Z. Then the lifting a˜ ∈ Z(R′) factors via the unique lifting of b to b˜ ∈ Z˜R′(R′).
All we need to prove is that δ(˜b) ≤ max{δ(b)− r, 0}. We may work locally around
p, and assume Z = SpecA for some R-algebra A, and write ZR′ = SpecB with
B = A ⊗R R′. We let (t, x1, . . . , xn) ⊂ A be the maximal ideal corresponding
to p. The ideal of the closed subscheme g−1(p) ⊂ ZR′ = SpecB is then I =
(ur, x1, . . . , xn) ⊂ B, so in particular g−1(p) is non-reduced for r > 1.
We want to decompose the blowing-up piR′ : Z˜R′ → ZR′ into a chain of r
blowing-ups and then apply to each of these the known case described in the
beginning. We construct the chain as follows: we first blow up the ideal I1 =
(u, x1, . . . , xn) ⊂ B and obtain a blowing-up map Z1 → ZR′ . The scheme Z1 is
a closed subscheme of PnB, whose defining homogeneous ideal is the kernel of the
map of graded B-algebras
B[u(1), x
(1)
1 , . . . , x
(1)
n ]→ ⊕d≥0Id1
given by sending u(1) to u and x
(1)
i to xi for all i = 1, . . . , n. The locus D
+(u(1)) ⊂
Z1 where u(1) does not vanish is affine, and we denote it by Y1. We blow up
its closed subscheme given by the ideal (u, x
(1)
1 /u
(1), x
(1)
2 /u
(1), . . . , x
(1)
n /u(1)), and
obtain a map
Z2 → Y1.
Next we consider the affine Y2 := D+(u(2)) ⊂ Z2 and reiterating the procedure r
times, we end up with a chain of morphisms
Yr → Yr−1 → . . .→ Y1 → ZR′
of affine schemes. Let’s now relate this chain of maps to the blowing-up Z˜R′ → ZR′
given by the ideal (ur, x1, . . . , xn). Combining the relations
x
(j−1)
i
u(j−1)
u(j) = ux
(j)
i
for all j = 1, . . . , r (where we also set x
(0)
i := xi and u
(0) := u), we obtain in Yr
the equality
xi =
x
(r)
i
u(r)
ur
for all i = 1, . . . , n. Hence the ideal sheaf (ur, x1, . . . , xn) on ZR′ has preimage in Yr
which is free of rank 1, generated by ur. By the universal property of blowing-up
we obtain a unique map α : Yr → Z˜R′ such that the diagram
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Z˜R′

Yr
α
>>
// ZR′
commutes. Next, we focus on the blow-up map Z˜R′ → ZR. The scheme Z˜R′ is
a closed subscheme of PnB, whose defining homogeneous ideal is the kernel of the
map of graded B-algebras
B[v, y1, . . . , yn]→ ⊕d≥0Id
given by sending v to ur and yi to xi for all i = 1, . . . , n. So we have relations
vxi = u
ryi for all i = 1, . . . , n. Then the map α
∗ : OX˜R′ → OYr sends yi to x
(r)
i and
v to u(r). We restrict our attention to the open affine Y ⊂ Z˜R′ where v does not
vanish. Since v is mapped by α∗ to u(r), which does not vanish on Yr, the map α
factors as a map α′ : Yr → Y followed by the inclusion Y ⊂ Z˜R′ . Now we produce
an inverse to α′. One checks that the ideal sheaf (u, x1, . . . , xn) of ZR′ becomes
free in Y (generated by u), hence we obtain a unique map Y → Y1 compatible with
the maps to ZR′ . Then the argument can be reiterated to produce a commutative
diagram
Y

rr tt
}}
Yr // Yr−1 // . . . // Y1 // ZR′
In particular we obtain a map β : Y → Yr. It is an easy check that the maps
α′ and β produced between Y and Yr are inverse one to another, hence they give
an isomorphism Yr → Y . If we let bi be the unique lift to Yi of b0 := b : R′ → ZR′ ,
we obtain by [BLR90] 3.3/5, δ(bi) ≤ min{δ(bi−1) − 1, 0} for all 1 ≤ i ≤ r. Hence
δ(˜b) ≤ min{δ(b)− r, 0} as desired.
We now have the tools to prove our main result on extending line bundles to
blowing-ups in the chain of morphisms (1).
Theorem 3.5. Let L be a line bundle on XK. Let (pii : Xi → Xi−1)i be the chain
(1) of blow-ups. Then there exists N ≥ 0 for which L extends to a line bundle L
on XN .
Proof. Let L be an invertible sheaf on XK , and D be a Cartier divisor with
OXK (D) ∼= L. We may take D to be supported on the smooth locus of XK
([Sha13], Theorem 1.3.1) and see it as a Weil divisor. We may also assume that D
is effective, since any Weil divisor is the difference of two effective Weil divisors.
The closed subscheme Dred given by the support of D with its reduced structure
is a disjoint union of finitely many closed points of the smooth locus of XK . We
write
Dred =
s⋃
i=1
Pi
where Pi ∈ X smK (Ki) for finite extensions K ↪→ Ki, i = 1, . . . , s. For each i =
1, . . . , s, we let Ri be the localization at some prime of the integral closure of R
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in Ki, so that each Ri is a discrete valuation ring with fraction field Ki. The
curve X/R being proper, each Pi extends to Qi ∈ X (Ri). Write X nsm for the
non-smooth locus of X/R and X nreg for the non-regular locus of X . Notice that
δ(Qi) > 0 if and only if Qi ∩ Xk ∈ X nsm, by Lemma 3.3. Assume that the point
Qi ∩ Xk lies in X nreg ⊂ X nsm. In this case, it is one of the closed points that are
the center of the blowing-up X1 → X . By Proposition 3.4, the unique lifting Q′i
of Qi to X1 satisfies δ(Q′i) ≤ max(0, δ(Qi) − ri), where ri ≥ 1 is the ramification
index of R → Ri. Letting Q(n)i be the lifting of Qi to Xn, we see that either
δ(Q
(n)
i ) ≤ δ(Q(n−1)i )− ri or Q(n−1)i ⊂ (X sm ⊂)X reg. Hence, for N big enough, each
of the points Pi ∈ XK extends to Q(N)i ∈ X regN (Ri). Therefore the Weil divisor D
extends to a Weil divisor D˜ on XN that is supported on the union of the Q(N)i ,
hence on the regular locus of XN . This implies that D˜ is a Cartier divisor, and the
line bundle OXn(D˜) restricts to OXK (D) ∼= L on XK . This completes the proof.
4 Descent of line bundles along blowing-ups
Lemma 4.1. Let S be a trait and pi : Y → X a proper morphism of flat S-schemes,
which restricts to an isomorphism over the generic point of S. Assume that the
special fibre Xk is reduced. Then pi∗OY ∼= OX .
Proof. Consider an affine open W ⊂ X . The morphism OX (W ) → pi∗OY(W ) is
integral ([Liu02], Prop.3.3.18). Denoting by t a uniformizer of Γ(S,OS), we have
a commutative diagram
OX (W ) //

pi∗OY(W )

OX (W )[t−1] ∼= // (pi∗OY(W ))[t−1]
The two vertical arrows are injective because X and Y are S-flat; the lower arrow
is an isomorphism because pi is generically an isomorphism and (pi∗OY(W ))[t−1] =
pi∗(OY(W )[t−1]). It follows that the upper arrow is injective. We claim that
OX (W ) is integrally closed in OX (W )[t−1], so that the upper arrow is an isomor-
phism, which proves the lemma. Take then g ∈ OX (W )[t−1] satisfying a monic
polynomial equation gm + a1g
m−1 + . . .+ am = 0 with coefficients in OX (W ) and
write g = f/tn with f ∈ OX (W ) and n ≥ 0 minimal. We want to show that n is
zero. We have
fm
tnm
+ a1
fm−1
tn(m−1)
+ . . .+ am = 0.
Suppose by contradiction n ≥ 1. Upon multiplying by tnm the above relation,
we find that fm ∈ tOX (W ). Because the special fibre of X is reduced, the ring
OX (W )/tOX(W ) is reduced, hence f ∈ tOX (W ). This violates the hypothesis
of minimality of n and we have a contradiction. Hence n = 0 and g ∈ OX (W ),
proving the claim.
Proposition 4.2. Hypotheses as in Lemma 4.1. Let L be a line bundle on Y such
that its restriction to every irreducible component of the exceptional fibre of pi has
degree zero. Then pi∗L is a line bundle on X .
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Proof. We first consider the case where S is the spectrum of a strictly henselian
discrete valuation ring. In this case, the special fibre of X → S has split singular-
ities, hence, as seen in subsection 2.3, the exceptional fibre E of Y → X consists
either of a projective line, or of two projective lines meeting at a k-rational node.
The sheaf pi∗L is a coherent OX -module. Since the curve X is reduced, to show
that pi∗L is a line bundle it is enough to check that dimk(x) pi∗L ⊗OX k(x) = 1 for
all x ∈ X . This clearly holds for x ∈ X different from p. We remain with the case
x = p. Denote by Op the local ring of X at p. Let
Z := Y ×X SpecOp
so that Z is the blow-up of SpecOp at its closed point. We write I for the ideal
sheaf mpOZ ⊂ OZ . For every n ≥ 1 define
Zn := Y ×X SpecOp/mnp
so we have OZn = OZ/In. In particular, Z1 is the exceptional fibre of the blowing-
up Z → SpecOp, which coincides with the exceptional fibre E of pi : Y → X .
The formal function theorem tells us that there is a natural isomorphism
Φ: lim
n
(pi∗L)⊗OX Op/mnp → lim
n
H0(Zn,L|Zn).
We claim that L|Zn is trivial for all n ≥ 1. We start with the case n = 1:
the dual graph of the curve Z1 is a tree, hence Pic(Z1) is the product of the
Picard groups of the components of Z1 (this can be checked via the Mayer-Vietoris
sequence for O×, for example). In other words, a line bundle on Z1 is determined
by its restrictions to the components of Z1. As Pic(P1k) = Z via the degree map,
we have L|Z1 = OZ1 . Now let n ≥ 1 and assume that L|Zn is trivial. There is an
exact sequence of sheaves of groups on Z
0→ In/In+1 → (OZ/In+1)× → (OZ/In)× → 1
with the first map sending α to 1 +α. The ideal sheaf I is canonically isomorphic
to the invertible sheaf OZ(1). Hence In/In+1 = OZ1(n). Taking the long exact
sequence of cohomology we obtain
H1(Z1,OZ1(n))→ H1(Zn+1,O×Zn+1)→ H1(Zn,O×Zn)→ 0.
We find that the term H1(Z1,OZ1(n)) vanishes using Mayer-Vietoris exact se-
quence and the fact that H1(P1k,OP1k(n)) = 0. It follows that the restriction map
Pic(Zn+1) → Pic(Zn) is an isomorphism. Since the sheaf L|Zn+1 restricts to the
trivial sheaf on Zn, it is itself trivial, establishing the claim.
We obtain
lim
n
H0(Zn,L|Zn) ∼= lim
n
H0(Zn,OZn) ∼= lim
n
(pi∗OY)⊗OX Op/mnp ∼= Ôp
the second isomorphism coming again from the formal function theorem applied
to OY and the third coming from Lemma 4.1. Finally, we obtain by composition
with Φ an isomorphism
lim
n
(pi∗L)⊗O Op/mnp → Ôp
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which induces an isomorphism pi∗L ⊗O Op/mp → Op/mp = k(p), as desired.
Now we drop the assumption of strict henselianity on the base, so let S be
the spectrum of a discrete valuation ring. Let S ′ be the e´tale local ring of S with
respect to some separable closure of the residue field of S. The cartesian diagram
YS′ f //
pi′

Y
pi

XS′ g // X
has faithfully flat horizontal arrows, and YS′ → XS′ is the blowing-up at g−1(p).
Let L be a line bundle on Y as in the hypotheses. The restrictions of f ∗L to the
irreducible components of the exceptional fibre of pi′ have degree zero, hence pi′∗f
∗L
is a line bundle. Moreover the canonical map
g∗pi∗L → pi′∗f ∗L
is an isomorphism, because g is flat. Hence g∗pi∗L is a line bundle, and so is pi∗L
by faithful flatness of g.
5 Graph theory
In this section we develop some graph-theoretic results that, together with the
results of sections 3 and 4, will be needed to prove Theorem 6.3.
5.1 Labelled graphs
Let G = (V,E) be a connected, finite graph. For the whole of this section, we
will just write “graph” to mean finite, connected graph. A circuit in G is a closed
walk in G all of whose edges and vertices are distinct except for the first and last
vertex. A path is an open walk all of whose edges and vertices are distinct.
A tree of G is a connected subgraph T ⊂ G containing no circuit. A spanning
tree of G is a tree of G containing all of the vertices of G, that is, a maximal tree
of G. Given a spanning tree T ⊂ G, we call links the edges not belonging to T .
Let n = |E|, m = |V |. Given a spanning tree T , the number of links of T is
easily seen to be n−m+ 1. The number
r := n−m+ 1
is called nullity of G and is equal to the first Betti number rkH1(G,Z).
Fix a spanning tree T ⊂ G. For each link c1, . . . , cr of T , the subgraph T ∪ ci
contains exactly one circuit Ci ⊂ G. We call C1, . . . , Cr fundamental circuits of G
(with respect to T ).
Let (G, l) = (V,E, l) be the datum of a graph and of a labelling of the edges
l : E → Z≥1 by positive integers. We say that (G, l) is a N-labelled graph.
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5.2 Circuit matrices
Given a graph G, let e1, e2, . . . , en be its edges and γ1, . . . , γs its circuits. Fix an
arbitrary orientation of the edges of G, and an orientation of each circuit (that is,
one of the two travelling directions on the closed walk).
Definition 5.1. The circuit matrix of G is the s×n matrix MG whose entries aij
are defined as follows:
aij =

0 if the edge ej is not in γi;
1 if the edge ej is in γi and its orientation agrees
with the orientation of γi;
−1 if the edge ej is in γi and its orientation does not agree
with the orientation of γi.
Hence every row of MG corresponds to a circuit of G and each column to an
edge.
Now fix a spanning tree of G. Let c1, . . . , cr be the corresponding links, where
r is the nullity of G, and C1, . . . , Cr the associated fundamental circuits. Consider
the r × n submatrix NG of MG given by singling out the rows corresponding to
fundamental circuits. One can reorder edges and circuits so that the j-th column
corresponds to the link cj for 1 ≤ j ≤ r and that the i-th row corresponds to the
circuit Ci. If we also choose the orientation of every fundamental circuit Ci so that
it agrees with the orientation of the link ci, the matrix NG has the form
NG = [Ir|N ′]
where Ir is the identity r × r-matrix and N ′ is an integer matrix.
Definition 5.2. The matrix NG constructed above is called the fundamental cir-
cuit matrix of G (with respect to the spanning tree T ).
It is clear that NG has rank r.
Theorem 5.3 ([TS92], Theorem 6.7.). The rank of MG is equal to the rank of
NG.
Let now (G, l) be an N-labelled graph. We generalize the definitions above to
this case.
Definition 5.4. The labelled circuit matrix of (G, l) is the s × n matrix M(G,l)
whose entries bij are defined as follows:
bij =

0 if the edge ej is not in γi;
l(ej) if the edge ej is in γi and its orientation agrees
with the orientation of γi;
−l(ej) if the edge ej is in γi and its orientation does not agree
with the orientation of γi.
The labelled fundamental circuit (lfc) matrix of (G, l) is the r×n matrix N(G,l)
constructed from M(G,l) by taking only the rows corresponding to fundamental
circuits with respect to a given spanning tree T .
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We immediately see that
M(G,l) = MG · L and N(G,l) = NG · L
where L is the diagonal square matrix of order n whose (i, i)-th entry is l(ei).
Example 5.5. Consider the N-labelled graph (G, l) with oriented edges in Figure
1.
23
6
10 15
Figure 1: An oriented N-labelled graph (G, l)
We assign to each of its three circuits the clockwise travelling direction. We
obtain a circuit matrix of G and a labelled circuit matrix of (G, l):
MG =
1 1 −1 0 00 0 1 1 1
1 1 0 1 1
 M(G,l) =
3 2 −6 0 00 0 6 15 10
3 2 0 15 10

Choose the spanning tree with edges labelled by 3, 6 and 10. The fundamental
circuit matrix of G and lfc-matrix of (G, l) are obtained from MG and M(G,l) by
removing the third row:
NG =
[
1 1 −1 0 0
0 0 1 1 1
]
N(G,l) =
[
3 2 −6 0 0
0 0 6 15 10
]
Let M be an integer-valued matrix with a rows and b columns. There exist
matrices A ∈ GL(a,Z) and B ∈ GL(b,Z) such that
AMB =

d1 0 0 . . . 0
0 d2 0 . . . 0
0 0
. . . 0
... dk
...
0
. . .
0 . . . 0

where the diagonal entries satisfy di|di+1 for i = 1, . . . , k− 1. This is the so-called
Smith normal form of M and it is unique up to multiplication of the diagonal
entries by units of Z. For 1 ≤ i ≤ k, the integer di is the quotient Di/Di−1, where
Di equals the greatest common divisor of all minors of order i of M .
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Going back to the matrices M(G,l) and its submatrix N(G,l), it follows from
Theorem 5.3 that their Smith normal forms both have rank equal to the nullity r
of the graph G. Besides, as any row of M(G,l) is a Z-linear combination of rows of
N(G,l), we see that the numbers Di defined above are the same for the two matrices.
It follows that M(G,l) and N(G,l) have the same non-zero numbers di appearing on
the diagonal. Moreover, the numbers d1, . . . , dr are defined up to multiplication
by −1, hence do not depend on the choices of orientation of edges or circuits, but
only on the N-labelled graph (G, l).
5.3 Cartier labellings and blow-up graphs
Let (G, l) be an N-labelled graph. Let ZV be the free abelian group generated by
the set of vertices V . Any element ϕ of ZV can be interpreted as a vertex labelling
ϕ : V → Z of the graph G.
Definition 5.6. An element ϕ ∈ ZV is a Cartier vertex labelling if for every edge
e ∈ E with endpoints v, w ∈ V , l(e) divides ϕ(v)− ϕ(w).
We denote by C ⊂ ZV the subgroup of Cartier vertex labellings.
Definition 5.7. We call multidegree operator the group homomorphism δ : C →
ZV which sends ϕ ∈ C to
v 7→
∑
edges e
incident to v
ϕ(w)− ϕ(v)
l(e)
where w denotes the other endpoint of e (which is v itself if e is a loop).
Lemma 5.8. The kernel of δ consists of the constant vertex labellings, hence there
is an exact sequence
0→ Z→ C δ−→ ZV .
Proof. Any constant vertex labelling is in the kernel of δ. Conversely, let ϕ ∈ ker δ
and let v ∈ V be a vertex where ϕ attains its maximum. Then for all the vertices
w adjacent to v one has ϕ(w) = ϕ(v). Since the graph is finite and connected, one
can repeat the argument and find that ϕ is a constant labelling.
Remark 5.9. When the edge-labelling l : E → Z≥1 is constant with value 1, the
multidegree operator δ coincides with the Laplacian operator of the graph G.
Definition 5.10. Given an N-labelled graph (G, l) = (V,E, l) we define the total
blow-up graph (G˜, l˜) = (V˜ , E˜, l˜) to be the N-labelled graph constructed as follows
starting from (G, l): every edge e ∈ E is replaced by a path consisting of l(e)
edges, and l˜ : E˜ → Z is set to be the constant labelling with value 1.
Example 5.11. Figure 2 shows an N-labelled graph (a) and its total blow-up
graph (b).
17
2
2
1
3
2
(a)
1
1 1
1
1
1
1
1
1
1
(b)
Figure 2: An N-labelled graph G (a) and its total blow-up graph G˜ (b).
We call old vertices the vertices in the image of the inclusion map V ↪→ V˜ . We
call new vertices the remaining vertices.
Notice that every new vertex is incident to exactly two edges, and belongs to
a unique path (corresponding to some edge e ∈ E) connecting two old vertices of
V˜ . Just as before we consider the group of Cartier vertex labellings C˜ of (G˜, l˜),
and the multidegree operator δ˜ : C˜ → ZV˜ .
We obtain a morphism of exact sequences
0 // Z //
id

C δ //
ι

ZV


0 // Z // C˜ δ˜ // ZV˜
(2)
The map  : ZV → ZV˜ is given by extending vertex-labellings by zero on the
set of new vertices. The map ι : C → C˜ sends a Cartier vertex labelling ϕ on G to
the Cartier vertex labelling ι(ϕ) on G˜ whose value at old vertices in inherited by
ϕ, and extended by linear interpolation to the new vertices. More precisely: if e
is an edge of G with endpoints v, w which is replaced in G˜ by a path consisting of
vertices v = v0, v1, . . . , vl(e) = w, we set for each k = 0, . . . , l(e)
ι(ϕ)(vk) =
(l(e)− k)ϕ(v) + kϕ(w)
l(e)
.
The Cartier condition on ϕ implies that this labelling takes integer values.
Let H = coker δ, H˜ = coker δ˜. The commutative diagram above yields a group
homomorphism  : H → H˜.
Lemma 5.12. The group homomorphism  : H → H˜ is injective.
Proof. Let α ∈ ZV be a vertex labelling and let (α) ∈ ZV˜ be its extension by zero.
Assume that there exists a Cartier vertex labelling ϕ˜ ∈ C˜ such that (α) = δ˜(ϕ˜).
Then δ˜(ϕ˜) takes value zero on all new vertices of G˜. Hence, if v is a new vertex of
G˜ adjacent to two verteces v′ and v′′, we have ϕ˜(v′) − ϕ˜(v) = ϕ˜(v) − ϕ˜(v′′). We
immediately see that ϕ˜ is an interpolation of a Cartier vertex labelling ϕ ∈ C, i.e.
ϕ˜ is in the image of ι. Since  : ZV → ZV˜ is injective, α = δ(ϕ).
Our aim now is to give necessary and sufficient conditions on the N-labelled
graph (G, l) for the map  : H → H˜ to be surjective (hence an isomorphism).
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5.4 Circuit-coprime graphs
Definition 5.13. Let (G, l) = (V,E, l) be an N-labelled graph. We say that (G, l)
is circuit-coprime if for every circuit C ⊂ G, gcd{l(e)|e is an edge of C} = 1.
Example 5.14. In Figure 3 the N-labelled graph (a) is circuit-coprime, whereas
the N -labelled graph (b) is not, as it contains a loop labelled by 3 in addition to
a circuit labelled by 6, 10 and 10.
23
6
1
10 15
(a)
23
6
3
10 10
(b)
Figure 3: A circuit-coprime N-labelled graph (a) and an N -labelled graph that is
not circuit-coprime (b).
Lemma 5.15. Let (G, l) = (V,E, l) be an N-labelled graph. Denote by r its nullity.
The Smith normal form of the matrix M(G,l) has diagonal entries d1 = d2 = . . . =
dr = 1 if and only if (G, l) is circuit-coprime.
Proof. Assume first that (G, l) is not circuit-coprime. Let C be a circuit whose
labels have greatest common divisor D 6= 1. Pick an edge e of C. The subgraph
C \ e is a tree; let T be a spanning tree of G containing it. Then e is a link for
T , and C is its associated fundamental circuit. The lfc-matrix N(G,l) has a row
corresponding to the circuit C, hence all entries of this row are divisible by D.
Then the linear map f : Zn → Zr defined by N(G,l) is not surjective; hence the
linear map associated to the Smith normal form of N(G,l) is not surjective either.
Therefore, some (necessarily non-zero) diagonal entry of the Smith normal form
of N(G,l) is different from ±1. As previously remarked, the Smith normal forms of
M(G,l) and N(G,l) have the same non-zero diagonal entries, hence dr 6= ±1.
Conversely, assume that G is circuit-coprime. After fixing some spanning tree
T , consider the lfc-matrix N(G,l). We only need to prove that the diagonal entries
of the Smith normal form of N(G,l) are all 1, which amounts to proving that the
greatest common divisor d of the minors of order r of the lfc-matrix N(G,l) is 1.
As we have seen in 5.2, we have the relation
N(G,l) = NG · L.
Let N ′ be a maximal square submatrix of N(G,l). Then N ′ corresponds to r edges of
G, which we denote ei1 , ei2 , . . . , eir . Let N
′′ be the corresponding square submatrix
of NG. We have the relation
detN ′ =
r∏
j=1
l(eij) detN
′′
By [TS92], Theorem 6.15, all minors of NG are either 1, 0 or −1, hence detN ′′
is either 1, 0 or −1. Moreover, by [TS92], Theorem 6.10, a square submatrix of
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order r of NG has determinant ±1 if and only if the corresponding r edges are
the complement of a spanning tree. Hence detN ′ = ±∏ri=1 l(eij) if the edges
ei1 , ei2 , . . . , eir form the complement of a spanning tree of G, otherwise detN
′ = 0.
We claim that
d := gcd{detN ′|N ′ is an r × r square submatrix of N(G,l)} = 1.
Let p be a prime number and denote by Ep the set of edges e of G whose label
l(e) is divisible by p. Because (G, l) is circuit-coprime, Ep contains no circuit;
hence Ep is contained in some spanning tree T of G. There are exactly r edges,
e1, e2, . . . , er, that do not belong to T . These give a square r × r submatrix of
N(G,l) whose determinant is
∏r
i=1 l(ei) 6≡ 0 (mod p), since e1, . . . , er 6∈ Ep. Hence
p - d. It follows that d = 1; since di|di+1 for all i = 1, . . . , r− 1 and dr|d, we obtain
the result.
Proposition 5.16. Let (G, l) = (V,E, l) be an N-labelled graph. The group ho-
momorphism  : H → H˜ is an isomorphism if and only if (G, l) is circuit-coprime.
Proof. We already know that  : H → H˜ is injective by Lemma 5.12. It is surjective
if and only if for every vertex-labelling α ∈ ZV˜ , there exists ϕ˜ ∈ C˜ such that
δ˜(ϕ˜) + α is in the image of the extension-by-zero map  : ZV → ZV˜ , i.e. δ˜(ϕ˜) + α
is supported on the set of old vertices. We may of course assume that α belongs
to the canonical basis of ZV˜ . That is, α = χv for some vertex v of G˜, where
χv(w) =
{
1 if w = v
0 if w 6= v.
If v is an old vertex of G˜, χv is an extension by zero of a vertex-labelling on G, so we
may assume that v is a new vertex. Then v belongs to some path P ⊂ G˜ associated
to some edge e ∈ E. Denote by w0, w1, . . . , wl(e) the vertices of the path P , so that
w0 and wl(e) are old vertices, and the numbering of the indices follows the order of
the vertices on the path. For every i = 1, . . . , l(e), let αi = χwi − χw0 ∈ ZV˜ be the
vertex-labelling that has value 1 at wi, value −1 at w0, and value 0 everywhere
else. Then it is easy to check that the images αi of the αi in H˜ satisfy kα1 = αk
for all k = 1, . . . , l(e). Hence, if α1 is in the image of  : H → H˜, so are all the αi
for 1 ≤ i ≤ l(e). This shows that we can take v to be equal to w1; hence χv = χw1
takes value 1 on a new vertex v adjacent to an old vertex, and value zero at all
other vertices.
We ask whether an element ϕ˜ ∈ C˜ exists such that δ˜(ϕ˜)+χw1 is supported only
on the old vertices. In other words, δ˜(ϕ˜) must be zero on all new vertices except
for the vertex w1, where it has to take the value −1. This is equivalent to asking
that, for every new vertex z, adjacent{
ϕ˜(z)− ϕ˜(z1) = ϕ˜(z2)− ϕ˜(z) if z 6= w1
(ϕ˜(z1)− ϕ˜(z)) + (ϕ˜(z2)− ϕ˜(z)) = −1 if z = w1
(3)
holds.
We claim that such a ϕ˜ exists if and only if there exists a vertex-labelling ϕ of
the graph G, such that, for every edge e ∈ E with endpoints v0, v1,
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{
ϕ(v1)− ϕ(v0) ≡ 0 mod l(e) if e 6= e
ϕ(v1)− ϕ(v0) ≡ 1 mod l(e) if e = e, v0 = w0, v1 = wl(e)
(4)
where we have identified the old vertices w0, wl(e) with the corresponding vertices in
G. Indeed, given ϕ˜ one obtains ϕ simply by restriction to old vertices. Conversely,
given a ϕ as in (4), ϕ˜ is obtained as follows: for an edge e 6= e, we define ϕ˜ on the
corresponding path {z0 = v0, z1, z2, . . . , zl(e) = v1} by:
∀k = 0, 1, . . . , l(e), ϕ˜(zk) = kϕ(v1) + (l(e)− k)ϕ(v0)
l(e)
.
On the path {w0 = v0, w1, . . . , wl(e) = v1} corresponding to the edge e, we set
instead
ϕ˜(wk) =
{
kϕ(v1)+(l(e)−k)(ϕ(v0)+1)
l(e)
if k ∈ {1, 2, . . . , l(e)}
ϕ˜(v0) if k = 0;
which establishes the claim.
If the graph G is a tree it is clear that such a ϕ can be found. If there are circuits
in G, the existence of a solution ϕ depends of course on the labels of the circuits.
Fix an orientation on G, so that we have source and target functions s, t : E → V ,
and so that s(e) = w0, t(e) = wl(e). Assume that a vertex-labelling ϕ ofG satisfying
the conditions (4) exists. In particular we have that ϕ(t(e))−ϕ(s(e)) ≡ 1 mod l(e).
For every edge e ∈ E let
x(e) :=
{
ϕ(t(e))−ϕ(s(e))
l(e)
if e 6= e
ϕ(t(e))−ϕ(s(e))−1
l(e)
if e = e
Let C ⊂ G be a circuit consisting of vertices v0, v1, . . . , vs = v0 connected by
edges e0, e1, e2, . . . , es = e0, so that ei connects vi and vi+1 for every i ∈ Z/sZ.
Notice that the increasing numbering gives an orientation to C. We have
(ϕ(vs)− ϕ(vs−1)) + (ϕ(vs−1)− ϕ(vs−2)) + . . .+ (ϕ(v1)− ϕ(vs)) = 0.
Setting
ai =
{
1 if t(ei) = vi+1, s(ei) = vi
−1 if t(ei) = vi, s(ei) = vi+1
(5)
for every i ∈ Z/sZ, we obtain ∑
aixeil(ei) = 0
if the edge e does not belong to the circuit C, whereas if e ∈ C we have∑
aixeil(ei) =
{
−1 if the orientations of C and e agree;
1 if the orientations of C and e do not agree;
Let C1, . . . , Cm be the circuits of G. Choose an orientation for each circuit, so
that we can form the labelled circuit matrix M(G,l) associated to G. We see that
the vector x = (x1, . . . , xn) is a solution of
M(G,l)x = b(e)
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where b(e) = (b1, . . . , bm) with
bi =

0 if e 6∈ Ci;
−1 if e ∈ Ci and the orientation of e agrees with the
orientation of Ci;
1 if e ∈ Ci and the orientation of e does not agree with the
orientation of Ci.
Conversely, a solution x ∈ Zn to the system M(G,l)x = b(e) yields a vertex
labelling ϕ as in (4). We conclude that the map  : H → H˜ is surjective if and
only if for every edge e ∈ E, there is a solution x ∈ Zn to
M(G,l)x = b(e).
After having chosen a spanning tree T and formed the lfc-matrix N(G,l), this is in
turn equivalent to the map Zn → Zr defined by N(G,l) being surjective. Indeed,
the set {b(e)|e is a link of T} is a basis for Zr. Now, N(G,l) is surjective if and only
if its Smith normal form (or equivalently the one of M(G,l)) has only 1’s on the
diagonal. By Lemma 5.15, we conclude.
5.5 N∞-labelled graphs
We want to generalize the results of the previous subsection to labelled graphs
whose labels can attain the value ∞. Denote by N∞ the set Z≥1 ∪ {∞}. Let
(G, l) = (V,E, l) be the datum of a graph, with set of vertices V and set of edges
E, and of a function l : E → N∞. We say that (G, l) is an N∞-labelled graph.
The notions of Cartier vertex labelling 5.6 and multidegree operator 5.7 carry
over to this setting without change, imposing that the only integer divisible by ∞
is 0, and setting 0∞ = 0 in the definition of multidegree operator. In particular, if a
vertex-labelling on (G, l) is Cartier, it attains the same value at the two extremal
vertices of an edge with label ∞.
Definition 5.17. Given an N∞-labelled graph (G, l) = (V,E, l) we define the
first-blow-up graph G1 = (V1, E1, l1) to be the N∞-labelled graph constructed as
follows starting from (G, l): every edge e ∈ E with l(e) = 1 is preserved unaltered;
every edge e ∈ E with l(e) ≥ 2 is replaced by a path consisting of an edge labelled
by 1, followed by an edge labelled by l(e)−2 (which could equal 0 or∞), followed
by an edge labelled by 1.
We define inductively for every integer n ≥ 1 the n-th blow-up graph Gn =
(Vn, En, ln) as the first-blow-up graph of Gn−1.
Example 5.18. Figure 4 shows an N∞-labelled graph (a) with its first (b) and
second (c) blow-up graphs.
Denote by Cn the group of Cartier vertex-labellings on (Gn, ln). Just as in (2),
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2∞
1
4
(a)
1∞
1
1
1
1
1
2
1
(b)
1
1
∞ 1
1
1
1
1
1
1 1
1
(c)
Figure 4: An N∞-labelled graph (a) with its first (b) and second (c) blow-up graphs
we obtain a commutative diagram
C δ //
ι1

ZV
1

C1 δ1 //
ι2
ZV1
2
...

...

Cn δn //
ιn
ZVn
n
...
...
The vertical maps j are once again extension by zero; the maps ιj are defined
as follows: if e is an edge of Gj−1 which is replaced in Gj by a path consisting
of vertices v0 = v, v1, v2, v3 = w (with possibly v1 = v2, if lj−1(e) = 2), and ϕ
is Cartier vertex labelling on Gj−1, we set ιj(ϕ) to take the value ϕ(v) at v0,
(l(e)−1)ϕ(v)+ϕ(w)
l(e)
at v1,
ϕ(v)+(l(e)−1)ϕ(w)
l(e)
at v2, ϕ(w) at v3. The diagram above gives
rise to a chain of group homomorphisms
H → H1 → H2 → . . .→ Hn → . . . (6)
between the cokernels of the rows. Each map of the chain (6) is injective; we ask
whether they are all isomorphisms, i.e. under which conditions
H → colimHi (7)
is an isomorphism.
Definition 5.19. Let (G, l) = (V,E, l) be an N∞-labelled graph. Let (Gc, lc) =
(Vc, Ec, lc) be the labelled graph obtained by contracting all edges e with l(e) =∞.
We say that (G, l) is circuit-coprime if (Gc, lc) is circuit-coprime as in Definition
5.13.
Proposition 5.20. Let (G, l) be an N∞-labelled graph. The map (7) is an iso-
morphism if and only if (G, l) is circuit-coprime.
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Proof. Let (Gc, lc) be as in Definition 5.19. Denote by (G˜, l˜) the labelled graph
obtained from (G, l) by replacing every edge e such that l(e) < ∞ by a path of
length l(e) and by leaving unaltered the edges with label∞. Contracting the edges
of (G˜, l˜) with label ∞, we recover the total-blow up graph (G˜c, l˜c) of (Gc, lc). As
usual, we have a diagram of exact sequences
0 // Z //

C δ //
ι

ZV //


H //

0
0 // Z // C˜ δ˜ // ZV˜ // H˜ // 0
We claim that H → H˜ is an isomorphism if and only if (G, l) is circuit coprime.
The map V → Vc induces a map between vertex-labellings ZVc → ZV , which
moreover sends the group of Cartier vertex-labellings of (Gc, lc) isomorphically to
the group of Cartier-vertex labellings of (G, l). We obtain a diagram
0 // Cc/Z //
 α

ZVc //
 β

Hc //


0
0 // C˜c/Z //
γ

ZV˜c //
δ

H˜c //

0
0 // C/Z //

ZV //

H //

0
0 // C˜/Z // ZV˜ // H˜ // 0
where all parallelograms are commutative. Let
D1 //
!!
D2 //
!!
D3
  
// 0
E1 // E2 // E3 // 0
be the induced diagram between the cokernels of the vertical maps. Because the
maps H → H˜ and Hc → H˜c are injective, by the Snake lemma the maps D1 → D2
and E1 → E2 are in fact injective. The maps α and γ are isomorphisms, hence
D1 → E1 is an isomorphism. Moreover D2 ∼= ZV˜c−Vc ∼= ZV˜−V ∼= E2, and the
map between them is easily seen to be an isomorphism. Hence D3 → E3 is an
isomorphism. Now, H → H˜ is an isomorphism if and only if E3 is zero, if and
only if D3 is zero, if and only if (Gc, lc) is circuit-coprime, establishing the claim.
For n big enough, Gn is a blow-up of G˜, hence the map H → Hn factors as
H → H˜ → Hn, with H˜ → Hn injective. If we show that the map H˜ → Hn is
also surjective, we win. Notice that the labelled graph Gn is obtained from G˜
replacing each edge labelled by ∞ by a path of length 2n+ 1, with a central edge
labelled by ∞ and all other edges labelled by 1. Take one such path and denote
by w0, w1, . . . , w2n, w2n+1 its vertices. The edge between wn and wn+1 is labelled
by∞. As usual, we call old vertices the vertices in the image of the map V˜ → Vn,
so w0 and w2n+1 are old vertices. Let χw1 ∈ ZVn be the vertex-labelling taking
value 1 at w1 and zero everywhere else. Then δ(χw0) + χw1 is supported on the
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old vertices, hence χw1 is in the image of the map H˜ → Hn. Also, in Hn we have
χwk = kχw1 for i = 1, . . . , n, so also these vertex-labellings are in the image of
H˜ → Hn. A similar argument works for χwk with k = n + 1, . . . , 2n. Hence the
map H˜ → Hn is surjective.
6 Semi-factoriality of nodal curves
Let S be the spectrum of a discrete valuation ring R having fraction field K ,
residue field k and uniformizer t. Let f : X → S be a nodal curve whose special
fibre has split singularities, and Γ = (V,E) be the dual graph of the special fibre
Xk. For any v ∈ V , we denote by Xv the corresponding irreducible component of
the special fibre Xk.
Definition 6.1. The labelled graph of X → S is the N∞-labelled graph (Γ, l) whose
labelling l assigns to each edge of Γ the thickness (see 1.1) of the corresponding
singular point of Xk.
Our aim is to relate the property of being circuit-coprime for the graph (Γ, l) to
the semi-factoriality of f : X → S. To this end, we are going to provide a dictionary
between the geometry of X/S and the combinatorial objects introduced in 5.
Denote by Divk(X ) the group of Weil divisors on X supported on the special
fibre Xk. It is the free abelian group generated by the irreducible components of
Xk. Hence we obtain a natural isomorphism Divk(X )→ ZV .
Let C(X ) be the group of Cartier divisors on X whose restriction to the generic
fibre XK is trivial. We claim that the natural map C(X ) → Divk(X ) is injective.
This follows from ([DG67], 21.6.9 (i)) under the assumption that X is normal,
which is not satisfied if X/S has singular generic fibre. However, the proof only
requires that for all x ∈ Xk, depth(OX ,x) = 1 implies dimOX ,x = 1. This is
immediately checked: let x ∈ Xk with dimOX ,x 6= 1; then x is a closed point of
Xk. By S-flatness of X , the uniformizer t is not a zero divisor in OX ,x; as Xk is
reduced, OX ,x/tOX ,x is reduced. Every reduced noetherian ring of dimension 1 is
Cohen-Macaulay, hence depth(OX ,x/tOX ,x) = 1, and we deduce by [Sta16]TAG
0AUI that depth(OX ,x) = 2, establishing the claim. Hence C(X ) is in a natural
way a subgroup of Divk(X ).
Finally, denote by E(X ) the kernel of the restriction map Pic(X )→ Pic(XK),
so that E(X ) is the group of isomorphism classes of line bundles on X that are
generically trivial. We have an exact sequence of groups
0→ Z→ C(X )→ E(X )→ 0
where the first map sends 1 to div(t) and the second map sends D to OX (D).
Indeed, every principal Cartier divisor supported on the special fibre belongs to
Z div(t). For this we can reduce to showing that every regular function on X that
is generically invertible is of the form tnu for some n ∈ Z≥0 and u ∈ OX (X )×. By
[Sta16]TAG 0AY8 we have f∗OX = OS, from which the claim easily follows.
Lemma 6.2. Hypotheses as in the beginning of this section.
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i) The natural isomorphism Divk(X ) → ZV identifies C(X ) ⊂ Divk(X ) with
the subgroup C ⊂ ZV of Cartier vertex labellings (Definition 5.6).
Let
0→ Z→ C δ−→ ZV
be the exact sequence of Lemma 5.8, where δ is the multi-degree operator (Definition
5.7).
ii) The isomorphism C(X )→ C induces an exact sequence
0→ Z→ C(X ) δX−→ ZV .
The first arrow is the map 1 7→ div(t); the map δX factors via the map
E(X )→ ZV , which sends a line bundle L to the vertex labelling
v 7→ degL|Xv .
Let
. . .→ Xn → . . .→ X1 → X0 = X
be the chain of blowing-ups (1). Denote by pin the composition Xn → X .
iii) For every n ≥ 0 the labelled graph of Xn → S is the n-th blow-up graph
(Γn, ln) of (Γ, l) (Definition 5.17). The new vertices of (Γn, ln) correspond to
the irreducible components of the exceptional fibre of Xn → X .
iv) Let Cn be the group of Cartier vertex labellings on Xn. The map C(X ) →
C(Xn) induced by ι : C → Cn (5.3) descends to the pullback map pi∗n : E(X )→
E(Xn).
Proof.
i) Let D =
∑
v nvXv ∈ Divk(X ). We want to show the equivalence of the two
conditions:
a) for every node p ∈ Xk lying on distinct components Xw, Xz of Xk, the
thickness τp divides nw − nz (with the convention that ∞ divides only
0);
b) D is Cartier.
As every Weil divisor D is Cartier on the generic fibre and on the regular
locus of X , we may fix a node p ∈ Xk and reduce to work on the complete
local ring ÔX ,p. We identify ÔX ,p with A = R̂[[x, y]]/xy − tτp . Let Xw and
Xz be the components of Xk through p, and let Yw, Yz be their preimages in
SpecA, which are given by the ideals (x, t) and (y, t) of A respectively.
Assume a) is true; we are going to deduce that D is Cartier at p. We
may assume that the two components Xw and Xz are distinct, otherwise
D is given by div(tnw) locally at p and is automatically Cartier at p. As
div(x) = τpYw, we have that (nw−nz)Yw = div(x
nw−nz
τp ) is Cartier. Therefore
D − div(tnz) = ∑v(nv − nz)Xv is Cartier at p, and also D is.
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Assume now b) and that p lies on distinct components Xw, Xz of Xk. We
may assume that the restriction of D to SpecA, nwYw + nzYz, is the divisor
of some regular function f ∈ A = R̂[[x, y]]/xy − tτp . We first consider the
case τp =∞. As f is a unit in A[t−1], there exists g ∈ A and n ≥ 0 such that
fg = tn. Now, let fx be the image of f in A/xA. As the latter is a unique
factorization domain, fx = t
m1u1 for some unit u1 ∈ (A/xA)× and m1 ≤ n.
Moreover, we have m1 = nw. Similarly, we write fy = t
m2u2 ∈ A/yA, with
m2 = nz. As the images of fx and fy in A/(x, y)A = R coincide, we find
that m1 = m2, that is, nw = nz, as desired. Now we remain with the case
τp 6= ∞. Replacing f by ft−nz , we get div(f) = (nw − nz)Yw. We want to
show that τp divides m := nw − nz. Let d = gcd(m, τp). As div(x) = τpYw,
we may replace f by a product of powers of f and x and assume that m = d.
Write τp = mα, for some α ∈ Z. We have div(fα/x) = 0, hence, as SpecA
is normal, fα/x is a unit in A. Now, reducing modulo t, one can easily see
that α has to be 1, so m = τp as desired.
ii) The composition Z→ C → C(X ) sends 1 to ∑vXv = Xk = div(t). The map
δX factors via the cokernel of Z → C(X ), which is indeed E(X ). For the
characterization of the map δX , recall first that δ : C → ZV sends a Cartier
vertex labelling ϕ to the vertex labelling
v 7→
∑
edges e
incident to v
ϕ(w)− ϕ(v)
l(e)
where w denotes the other endpoint of e. The composition δX : C(X )→ C →
ZV sends a Cartier divisor D =
∑
v nvXv to
v 7→
∑
nodes p
lying on Xv
nw − nv
τp
with τp being the thickness of the node p, Xw the second component pass-
ing through p. We want to check that δX (D) is the vertex labelling v 7→
degO(D)|Xv . Fix a vertex z; multiplication by tnz gives an isomorphism
O(D) ∼= O(D′) where D′ = ∑v(nv − nz)Xv. We reduce to computing
the contribution to degO(D′)|Xz coming from (nv − nz)Xv, where v ∈ V
is some vertex different from z. The contribution is zero if Xv and Xz do
not intersect; otherwise, let p ∈ Xv ∩ Xz, with thickness τp. Notice that
τp|nv − nz. Locally at p, the divisor (nv − nz)Xv is given by the fractional
ideal I = (x(nv−nz)/τp , tnv−nz) = (x(nv−nz)/τp) of ÔX ,p ∼= R̂[[x, y]]/xy − tτp .
Restricting to the branch y = 0, t = 0, we obtain the fractional ideal
I ⊗ ÔX ,p/y = (x(nv−nz)/τp) of k[[x]], hence a contribution of (nv − nz)/τp
to the degree of O(D′)|Xz . Summing over all the nodes in Xv ∩ Xz, we
recover the map δX .
iii) This can be read directly in the description of the effect of blowing-up on
the special fibre provided in 2.3.
27
iv) The commutative diagram
0 // Z //
id

C(X ) //
ι

E(X ) //
ι

0
0 // Z // C(Xn) // E(Xn) // 0
yields a map ι : E(X )→ E(Xn). Such map fits into the commutative diagram
E(X ) δX //
ι

ZV


E(Xn) δXn // ZVn
where  : ZV → ZVn is the extension by zero map, and the two horizontal
maps are induced by the exact sequences as in ii) for X and Xn. They
associate to a line bundle its multi-degree on the special fibre, and are in-
jective. The pullback map pi∗n : E(X ) → E(Xn) makes the diagram above
commutative as well; it follows that it coincides with ι.
Theorem 6.3. Let X → S be a nodal curve over a trait whose special fibre has
split singularities.
i) If the labelled graph (Γ, l) is circuit-coprime then X → S is semi-factorial.
ii) Suppose that Γ(S,OS) is strictly-henselian. If X is semi-factorial over S,
then the labelled graph (Γ, l) is circuit-coprime.
Proof. We start with part i). Suppose Γ is circuit-coprime. Let L be a line bundle
on XK . By Theorem 3.5, there exists an integer n ≥ 0 such that L extends to a line
bundle L˜ on Xn. Let (Γn, ln) be the labelled graph of Xn, which is the n-th blow-
up graph of Γ. Denote by α ∈ ZVn the vertex-labelling assigning to each vertex v
the degree of the restriction of L˜ to the component of (Xn)k corresponding to v.
By Proposition 5.20, the map H → Hn is an isomorphism; hence there exists a
Cartier vertex labelling ϕ on (Γn, ln) such that δ(ϕ) +α is in the image of the map
ZV → ZVn . Equivalently (by Lemma 6.2) there exists a Cartier divisor D ∈ C(Xn),
such that δXn(D) + α is in the image of ZV → ZVn , i.e., δX (D) + α has value zero
on all new vertices of Γn. This means precisely that OXn(D)⊗ L˜ has degree zero
on every component of the exceptional fibre of pin : Xn → X . By Proposition 4.2,
L := (pin)∗(L˜ ⊗ O(D)) is a line bundle on X , which restricts to L on the generic
fibre.
Let’s turn to part ii). Suppose that Γ is not circuit-coprime. Then there exists
n ≥ 0 such that the map H → Hn is not surjective. Let α be a basis element of
ZVn such that the image of α in Hn = ZVn/δn(Cn) is not in the image of H → Hn.
Then α takes value 1 on some vertex v of Γn and value zero on all other vertices.
The vertex v corresponds to an exceptional component C ∼= P1k of pin : Xn → X .
Let p be a k-rational point of (Xn)smk lying on C, which exists as k is separably
closed. Since the base is henselian, p can be extended to a section s : S → Xn. The
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image D ⊂ Xn of s defines a Cartier divisor. Let L := O(D)|K be its restriction
to the generic fibre. Assume by contradiction that L can be extended to a line
bundle L on X . Then F := O(D) ⊗ pi∗nL−1 is generically trivial. Let D′ be a
Cartier divisor supported on the special fibre of Xn such that O(D′) ∼= F . Then
D′ corresponds to a Cartier-vertex labelling ϕ of Γn, and α− δn(ϕ) is the vertex-
labelling associated to the multidegree of pi∗nL. As pi∗nL has degree zero on every
component of the exceptional fibre of pin : Xn → X , α − δn(ϕ) has value zero on
every new vertex of Γn. In particular, αδn(ϕ) is in the image of H → Hn, and so
is α, yielding a contradiction.
Remark 6.4. The assumption that Γ(S,OS) is strictly-henselian can be replaced
by the weaker assumption: for each irreducible component Y of Xk, there exists a
line bundle LY on X whose restriction to Xk has degree 1 on Y and degree 0 on
all other components.
Corollary 6.5. Let X → S be a nodal curve over a trait, whose special fibre has
split singularities. Let pi : X˜ → X be the blowing-up of X at the finite union of
closed points X nreg ∩ Xk. The restriction map
Pic(X˜ )→ Pic(XK)
is surjective.
Proof. Let (Γ, l) be the labelled graph of X → S. The labelled graph (Γ˜, l˜) of
X˜ → S is the first-blow-up graph of Γ (definition 5.17). Every edge of Γ˜ with a
label different from 1 is adjacent to exactly two edges, both with label 1. Hence Γ˜
is circuit-coprime, and we conclude by Theorem 6.3.
Corollary 6.6. Let X → S be a nodal curve over a trait, whose special fibre has
split singularities. Suppose that the special fibre Xk is of compact-type (i.e. its dual
graph Γ is a tree). Then the restriction map
Pic(X )→ Pic(XK)
is surjective.
Proof. The dual graph Γ of the special fibre has no circuits, hence the labelled
graph (Γ, l) is circuit-coprime.
In general, semi-factoriality of nodal curves over traits does not descend along
e´tale base change, and we cannot drop the assumption in Theorem 6.3 that the
special fibre of the curve has split singularities. Here is an example.
Example 6.7. Let R = Q[[t]], K = FracR, S = SpecR, and
X = Proj R[x, y, z]
x2 + y2 − t2z2 .
The curve X → S has smooth generic fibre XK/K, and a node P = (t = 0, x =
0, y = 0, z = 1) on the special fibre. The section s : S → X given by x = t, y =
29
0, z = 1 goes through the node P . The Cartier divisor on XK given by the image
of sK : SpecK → XK does not extend to a Cartier divisor on X . Indeed, if by
contradiction it extended to a Cartier divisor D on X , the difference D − s as
Weil divisors would be a Weil divisor supported on the special fibre; hence a Weil
divisor linearly equivalent to zero, since the special fibre is irreducible. Then s
would be Cartier, which it is not, and we have the contradiction.
On the other hand, the base change of X/R by the e´tale map R → R′ :=
Q(i)[[t]] is semi-factorial, since its special fibre has split singularities and its graph
is a tree. We see that, denoting by X1 and X2 the two components of the special
fibre, the Weil divisors sR′ −X1 and sR′ −X2 are both Cartier, and both extend
the Cartier divisor on XK′ given by sK′ .
7 Application to Ne´ron lft-models of jacobians
of nodal curves
7.1 Representability of the relative Picard functor
Let S be a scheme and X → S a curve. We denote by PicX/S the relative Picard
functor, that is, the fppf-sheafification of the functor
(Sch /S)opp → Sets
T 7→ {invertible sheaves on XT}/ ∼=
We start with a result on representability of the Picard functor:
Theorem 7.1 ([BLR90] 9.4/1). Let f : X → S be a nodal curve. Then the relative
Picard functor PicX/S is representable by an algebraic space1, smooth over S.
Lemma 7.2. Let f : X → S be a nodal curve admitting a section s : S → X . Then
for any S-scheme T the natural map
Pic(X ×S T )/Pic(T )→ PicX/S(T )
is an isomorphism.
Proof. See the discussion about rigidified line bundles on [BLR90] 8.1.
7.2 Ne´ron lft-models
Let S be a Dedekind scheme, that is, a noetherian normal scheme of dimension
≤ 1. Then S is a disjoint union of integral Dedekind schemes Si. The ring of
rational functions of S is the direct sum K :=
⊕
i k(ηi), where the points {ηi} are
the generic points of the Si.
Definition 7.3 ([BLR90], 10.1/1). Let S be a Dedekind scheme, with ring of
rational functions K. Let A be a K-scheme. A Ne´ron lft-model over S for A is the
datum of a smooth separated schemeA → S and aK-isomorphism ϕ : A×SK → A
satisfying the following universal property: for any smooth map of schemes T → S
and K-morphism f : TK → A, there exists a unique S-morphism F : T → A with
FK = f .
1Defined as in [BLR90] 8.3/4
30
A Ne´ron lft-model differs from a Ne´ron model in that the former is not required
to be quasi-compact.
Proposition 7.4 ([BLR90], 10.1/2). Let S be a trait and G a smooth separated
S-group scheme. The following are equivalent:
i) G is a Ne´ron lft-model of its generic fibre;
ii) for every essentially smooth local extension of traits S ′ → S, with K ′ =
Frac Γ(S,OS), the map G(S ′)→ G(K ′) is surjective.
Lemma 7.5. Let X → S be a nodal curve over a trait. Let cl(eK) ⊂ PicX/S be
the schematic closure of the unit section eK : SpecK → PicXK/K. Then the fppf-
quotient sheaf N = PicX/S / cl(eK) is representable by a smooth separated S-group
scheme. Moreover, the quotient morphism PicX/S → N is e´tale.
Proof. As cl(eK) is flat over S, the fppf-quotient of sheaves N = PicX/S / cl(eK)
is a group algebraic space, smooth over S because PicX/S is; as cl(eK) is closed
in PicX/S, N is separated over S. In particular, N is a separated group algebraic
space locally of finite type over S, so it is a group scheme by [Ana73], Chapter IV,
Theorem 4.B. Finally, to show that PicX/S → N is e´tale we prove that cl(eK) is
e´tale over S. As the property is e´tale local on S, we may assume that X → S has
special fibre with split singularities. The multidegree map E(X ) → ZV (Lemma
6.2, ii)) is injective, hence the intersection of cl(eK) with the identity component
Pic0X/S ⊂ PicX/S is trivial and it follows that cl(eK) is e´tale over S.
Given a nodal curve X → S over a trait, we can associate to it the labelled
graph (Γ, l) of the base change X ×SS ′ → S ′, where S ′ is the spectrum of the strict
henselization of Γ(S,OS) with respect to some algebraic closure of the residue field
k. The graph (Γ, l) does not depend on the choice of an algebraic closure of k.
Theorem 7.6. Let X → S be a nodal curve over a trait. The S-group scheme
N = PicX/S / cl(eK) is a Ne´ron lft-model for PicXK/K over S if and only if the
labelled graph (Γ, l) of X → S is circuit-coprime.
Proof. Let Ssh → S be a strict henselization of S with respect to some algebraic
closure of the residue field, and denote by Ksh its fraction field. If (Γ, l) is not
circuit-coprime, the map
Pic(XSsh)→ Pic(XKsh)
is not surjective, by Theorem 6.3. Now, as the special fibre of XSsh/Ssh is generi-
cally smooth, XSsh → Ssh admits a section; hence, we can apply Lemma 7.2 and
find that
PicX/S(Ssh)→ PicXK/K(Ksh)
is not surjective. As the quotient PicX/S → N is an e´tale surjective morphism
of Ssh-algebraic spaces (Lemma 7.5), the map PicX/S(Ssh) → N (Ssh) is surjec-
tive. We deduce that N (Ssh) → PicXK/K(Ksh) is not surjective. Then for some
e´tale extension of discrete valuation rings S ′ → S, N (S ′) → PicXK/K(K ′) is not
surjective, hence N is not a Ne´ron model of PicXK/K .
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Now assume that (Γ, l) is circuit coprime. Assume first that S is strictly
henselian. By Prop. 7.4 it is enough to prove that for all essentially smooth
local extensions R→ R′ of discrete valuation rings, the map
N (R′)→ PicXK/K(K ′)
is surjective. As X → S admits a section, we may apply Lemma 7.2 and just show
that Pic(XR′) → Pic(XK′) is surjective. The map R → R′ has ramification index
1, i.e. it sends a uniformizer to a uniformizer. Therefore the labelled graph (Γ′, l′)
associated to XR′ is again circuit-coprime, and in fact (Γ′, l′) = (Γ, l). Now we
conclude by Theorem 6.3.
Now let X → S be any nodal curve with circuit-coprime labelled graph. Let
p : S ′ → S be a strict henselization of S. Consider the smooth separated S-
group scheme N = PicX/S / cl(eK). As taking the schematic closure commutes
with flat base change, p∗N is canonically isomorphic to PicX ′/S′ / cl(eK′), hence
is a Ne´ron lft-model for PicXK′/K′ over S
′. We show that N is a Ne´ron lft-model
of its generic fibre. Let T → S be a smooth S-scheme, f : TK → PicXK/K a
K-morphism. The base change p∗f : TK′ → PicXK′/K′ extends uniquely to an S ′-
morphism g : p∗T → N ′. Let S ′′ := S ′ ×S S ′, p1, p2 : S ′′ → S ′ the two projections,
and q : S ′′ → S the composition. The two maps p∗1g, p∗2g : q∗T → q∗N both coincide
with q∗f when restricted to q∗TK . As q∗T → S is flat, q∗TK is schematically dense
in q∗T . Since moreover q∗N is separated, we have that p∗1g = p∗2g. Hence g
descends to a morphism T → N extending f . Again, the extension is unique
because N → S is separated and TK is schematically dense in T .
Corollary 7.7. Let X → S be a nodal curve over a trait. Let pi : X˜ → X be
the blowing-up of X at the finite union of closed points X nreg ∩ Xk. Then N =
PicX˜/S / cl(eK) is a Ne´ron lft-model for PicXK/K over S.
Proof. It is enough to check that the labelled graph (Γ˜, l˜) of X˜ → S is circuit-
coprime, by the previous Theorem. As labelled graphs are preserved under e´tale
extensions of the base trait, we may assume that X → S has special fibre with
split singularities. Then the same argument as in the proof of Corollary 6.5 shows
that (Γ˜, l˜) is circuit-coprime.
Corollary 7.8. Let X → S be a nodal curve over a trait. Let k be a separable
closure of the residue field of S and suppose that the graph of Xk is a tree. Then
N = PicX/S / cl(eK) is a Ne´ron lft-model for PicXK/K over S.
We have shown how to construct Ne´ron lft-models for the group scheme PicXK/K ,
without ever imposing bounds on the degree of line bundles; the following lemma
allows us to retrieve lft-Ne´ron models for subgroup schemes of PicXK/K , and applies
in particular to subgroup schemes that are open and closed, such as the connected
component of the identity Pic
[0]
XK/K .
Lemma 7.9. Let X/S be a nodal curve over a trait, and H ⊂ PicXK/K a K-
smooth closed subgroup scheme of PicXK/K. Let N → S be the Ne´ron model of
PicXK/K. Then H admits a Ne´ron lft-model H over S, which is obtained as a group
smoothening of the schematic closure of H inside N .
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Proof. This is a special case of [BLR90], 10.1/4.
We remark that, if the generic fibre XK/K is not smooth, Pic[0]XK/K is an ex-
tension of an abelian variety by a torus; if the torus contains a copy of Gm,K , the
Ne´ron lft-model of Pic
[0]
XK/K is not quasi-compact.
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